In this paper, the problem of a crack embedded in a half-plane piezoelectric solid with traction-induction free boundary is analyzed. A system of singular integral equations is formulated for the materials with general anisotropic piezoelectric properties and for the crack with arbitrary orientation. The kernel functions developed are in complex form for general anisotropic piezoelectric materials and are then specialized to the case of transversely isotropic piezoelectric materials which are in real form. The obtained coupled mechanical and electric real kernel functions may be reduced to those kernel functions for purely elastic problems when the electric effects disappear. The system of singular integral equations is solved numerically and the coupling effects of the mechanical and electric phenomena are presented by the generalized stress intensity factors for transversely isotropic piezoelectric materials.
Introduction
In recent years the wide use of the electromechanical and electronic devices, such as ultrasonic generators, sensors, underwater acoustic, transducers and actuators has promoted the investigations of the piezoelectric materials to improve the understanding of the intrinsic coupling effect between mechanical and electrical field. In these devices, both electrical and mechanical loads applied on the piezoelectric components will give rise to sufficiently high stresses that can lead to their failure. To understand their fracture behaviors, many researchers have performed the analyses of piezoelectric materials containing an inclusion or a crack embedded in an infinity plane, e.g., the problems of two-dimensional infinite extended piezoelectric materials with cracks, elliptic inclusions or holes have been investigated by Chung and Ting (1996) , Lu and Williams (1998) and Gao and Fan (1999) . Considering a semi-infinite crack in two-dimensional infinite anisotropic piezoelectric materials, 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 .06.024 Chen et al. (2004) investigated the interacting behavior of a line force, a line charge and a line electromechanical dislocation with the Griffith crack or an anti-crack. As to the problems with the half-plane boundary, Fan et al. (1996) studied the stress and electric field distributions in a piezoelectric half-plane under contact loads at the surface. Sosa and Castro (1994) used the Fourier transform techniques to analyze the case of a point force and a point charge acting on the half-plane surface. Gao and Fan (1998) gave an explicit 2D Green's function for transversely isotropic piezoelectric half-plane solids using the principle of analytical continuation of complex potentials. Liu et al. (1997) also presented the explicit expressions for the half-plane Green's functions on the basis of Stroh formalism. Recently, Gao and Noda (2004) treated the Green's functions for the half-plane piezoelectric solids with the attention paid to the effect of the nonzero normal component of the electric displacement on the half-plane boundary.
It is known that the stress intensity factors at the crack tip can be used to predict the crack propagation which will result in the possible failure of the structure. In a piezoelectric solid, the fracture characteristic of a plane crack can be characterized by generalized stress intensity factors i.e.,K I ,K II ,K III and K D , where the first three correspond to the strength of the stress singularities (i.e., tensile, in-plane shear and anti-plane shear, respectively), and the last K D is the strength of the electric displacement at a crack tip. In this paper, an arbitrarily-oriented crack embedded in a half-plane piezoelectric solid under traction-induction free boundary condition is considered. Following the investigations suggested by Wang and Mai (2004) and Ueda (2007) , the electric impermeable boundary conditions on the crack faces are assumed in our analysis. Based upon the generalized Stroh formulation, a system of singular integral equations with the unknown generalized dislocation densities defined on the crack faces is developed to evaluate the mechanical and electric coupling effect of the generalized stress intensity factors. The kernel functions developed in the singular integral equations contain the complex-valued matrix B for traction-induction free boundary which make the kernel functions in complex form for general anisotropic piezoelectric materials. With the results developed by Liou and Sung (2007) who express the elements of the matrix B in terms of the elastic stiffness explicitly for piezoelectric materials, a real form of the kernel functions for transversely isotropic piezoelectric materials is obtained. In particular, the obtained explicit real kernel functions show that when the crack is orientated in the direction perpendicular to the free surface of the half-plane and the poling direction paralleling the crack faces then the mode I elastic deformation is totally decoupled from both the mode II elastic deformation and the mode for electric potential. Furthermore, the obtained coupled elastic and electric real kernel functions may be decoupled when the electric effects disappear and the reduced kernel functions corresponding to the elastic part recover to those appearing in the literature (Sung and Liou, 1995a) . The coupling effects of the mechanical and electric phenomena are investigated numerically and are presented by the generalized stress intensity factors for two different transversely isotropic piezoelectric ceramics (i.e., BaTiO 3 and PZT-6B). Attention is given to the effects of the depth and the inclination of the crack on the generalized stress intensity factors and obtained results are discussed.
Generalized Stroh formalism
In a rectangular coordinate system x i (i = 1, 2, 3), the basic equations for a linear piezoelectric material (Suo et al., 1992 and Ting, 1996) are given by
where r ij , e kl , D i and E k are the stresses, the strains, electric displacements and the electric field respectively. u i (i = 1, 2, 3) and u 4 are the elastic displacements and electric potential, respectively. c ijkl , e kij and a ik are the elastic stiffness, piezoelectric-stress and dielectric constants, respectively. Furthermore, these material constants satisfy the following symmetric relation:
For a two-dimensional deformation where u i (i = 1, 2, 3, 4) depend on x 1 and x 2 only, the generalized displacement vector u = [u 1 ,u 2 ,u 3 ,u 4 ] T , and generalized stress function vector / = [/ 1 ,/ 2 , / 3 ,/ 4 ] T can be expressed as
where the superscript T indicates transposition and f a (z a ), (a = 1, 2, 3, 4) are arbitrary analytic functions of z a . Column vectors of matrix A, i.e., a a (a = 1, 2, 3, 4) and p a (a = 1, 2, 3, 4) are determined by the following eigen relation
where
Q and T are 4 · 4 matrices and both are symmetric and non-singular. The matrix B appearing in Eq. (6) is related to the matrix A by the following relationship
The generalized stress function vector expressed in Eq. (6) may be employed to evaluate the generalized stress vectors t 1 and t 2 . With their components defined below, they are evaluated directly by the formula as t 1 ¼ ½r 11 ; r 12 ; r 13 ; D 1 T ¼ À/ ;2 ; t 2 ¼ ½r 21 ; r 22 ; r 23 ;
Formulation of the problem
In the following, the problem of a straight crack with length 2c orientated arbitrarily in a piezoelectric half-plane solid is considered. The geometry of the problem is shown in Fig. 1 . The condition on the halfplane boundary is traction-induction free. Angle w defines the orientation of the crack relative to the global coordinates x 1 and x 2 while d is the depth of the crack measured from the traction-induction free boundary to the nearest crack tip. For convenience a local coordinates n and g is also adopted. Crack faces are subjected to prescribed loads, either mechanical or electric being considered. It is well known that this problem can be formulated in terms of a system of singular integral equations where the unknown functions in the equations are the densities of the generalized dislocations distributed on the crack faces. The kernels of the equations are functions due to a generalized dislocation with the generalized Burgers vector b
3Þ and b Ã 4 are mechanical displacement jump and an electric potential jump in the plane, respectively, applied at point x D ¼ ðx D 1 ; x D 2 Þ in a crack-free piezoelectric solid. The complex generalized stress functions have been given by Liu et al. (1997) and Gao and Noda (2004) and the results are
I 1 ¼ diag½1; 0; 0; 0; I 2 ¼ diag½0; 1; 0; 0; I 3 ¼ diag½0; 0; 1; 0; I 4 ¼ diag½0; 0; 0; 1; ð19Þ
With the generalized stress functions determined above, the generalized traction at any pint on a plane curve with outward unit normal vector m may be evaluated by
where s is the arc length measured along the curve. Now suppose there are generalized dislocations with densities b * (t) distributed over the crack faces, then by summing up the generalized tractions t g induced by these generalized dislocations on the crack faces, a representation equation for the total generalized tractions on the crack faces is obtained. For the present problem, the total generalized tractions on the crack faces are known a prior, therefore, a system of singular integral equations is obtained instead. To develop these equations, we first express variables z a and z D a on the crack faces in terms of the new variables n and t, respectively, as z a ¼ nz Ã a À p a ðd þ c sin wÞ; n j j 6 c; ð22Þ
and then with the procedures described above a system of singular integral equations can be obtained as
where e(t) = [e 1 (t),e 2 (t),e 3 (t),e 4 (t)] T = Lb * (t). Here L is the matrix defined as (Ting, 1996) 
where i 2 = À1, and the kernel function K(n,t) in Eq. (25) is given by
For single values of generalized displacements around a closed contour surrounding the whole crack, the following auxiliary condition has to be satisfied Z c
The coupled singular integral equations for the generalized dislocation densities in Eq. (25) combined with Eq.
(30) can be solved numerically. Once the generalized dislocation densities have been found, the generalized stress intensity factors at the crack tips, i.e., the three stress intensity factors k I , k II and k III and the electric displacement intensity factor k D , can be extracted directly, for example for the crack-tip at n = c, by (Sung and Liou, 1995a ) 
and aðcÞ ¼ lim
It is noted that for general anisotropic piezoelectric materials the determination of the generalized dislocation density e(t) involves the evaluation of the matrix B, since matrix B appears in the kernel functions as shown in Eq. (27). Since the effects of the piezoelectric material properties on the kernel functions are most contained in the matrix B, therefore it is of interest to express matrix B explicitly in terms of material constants. In the next section, we will employ the results recently constructed by Liou and Sung (2007) for the matrix B and then with that matrix the kernel functions, originally expressed in complex form for general anisotropic piezoelectric materials, will be expressed in real form for transversely isotropic piezoelectric materials.
Explicit real kernel functions
As mentioned in previous section, for general anisotropic piezoelectric materials the kernel functions are related to the matrix B which is completely determined by the material constants. The explicit form of the matrix B has been recently constructed by Liou and Sung (2007) in terms of elastic stiffness. In the following we will briefly outline the needed results of matrix B for the development of explicit form of the kernel functions for transversely isotropic piezoelectric materials. For transversely isotropic piezoelectric materials with the x 2 -axis parallel to the poling direction, the constitutive equation (Eq. (1)) can be expressed as 
where contracted notations e ia and c ab (a, b = 1, 2,. . . , 6) have been used here fore ikl and c ijkl , respectively. The matrix U defined in Eq. (11) for transversely isotropic piezoelectric material simplifies to
where c 55 = (c 11 À c 13 )/2. It is noted that the roots p a (a = 1, 2, 3, 4) corresponding to jUj = 0 for transversely isotropic piezoelectric material can be classified into two types (Suo et al., 1992) . For the type I
which show that all these roots are purely imaginary, and for the type II
which show that only two of them (p 3 and p 4 ) are purely imaginary and the rest two (p 1 and p 2 ) have nonzero real parts but with equal imaginary parts. Since the anti-plane mechanical deformation can be entirely decoupled from both in-plane mechanical deformation and electric field for transversely isotropic piezoelectric materials, we henceforth will ignore the anti-plane mechanical deformation hereafter. With this consideration in mind, the size of the matrix B defined in Eq. (7) becomes 3 · 3 and the elements of which can be constructed as (Liou and Sung, 2007 )
where h k (k = 1, 2) and k, related to material constants, are listed in the Appendix A.
Kernel functions for type I roots
With the properties of the type I roots, it is obvious that the elements of h k (k = 1, 2) (Eq. (A.1)) and k (Eq. (A.2)) are all real. Therefore matrix B becomes
Since the kernel functions are also related to the functionsZ b defined in Eq. (29), we need the expressions of the real part and imaginary part of the functions Z b as follows:
¼ fðn À tÞ cos 2 w À N 2 ab ½d À ðn À cÞ sin w sin w À n a n b ½d À ðt À cÞ sin w sin wg=D ab ;
Þ½d À ðt À cÞ sin w cos wg=D ab ; ðno sum on a and bÞ;
where D ab ¼ ðn À tÞ 2 cos 2 w þ ½d À ðn À cÞ sin wN ab þ ½d À ðt À cÞ sin wN ba È É 2 ; ð41Þ
Substituting Eqs. (39) and (40) into Eq. (27), the kernel functions of type I can be expressed in real form as
whereB 1 ¼ kh 1 ðn 2 À n 3 Þ þ kh 2 ðn 3 À n 1 Þ þ ðn 2 À n 1 Þ and all the elements in Eq. (43) are shown in the Appendix B. The kernel functions expressed in Eq. (43) are valid for any angle w. It is of interest to consider the two special crack orientations, i.e., w = 0 (the horizontal crack) and w = p /2 (the vertical crack), since the kernel functions corresponding to these two cases will take simpler forms. For the horizontal crack problem (w = 0), Eq. (40) can be rewritten as
Therefore with the expressions in Eqs. (44) and (45), the kernel functions in Eq. (43) may be simplified and it is found that no element is identically zero in the kernel functions for the horizontal crack problem, implying that mechanical and electric coupling effects are always existed for the horizontal crack problem. The situation for the vertical crack problem, however, will be different as will be seen below. For w = p/2, it is easily seen that the imaginary part of the functions Z b defined in Eq. (40) are all zeros, i.e., m ab = 0. Hence Eq. (40) is much simplified to
With these simplified results shown in Eqs. (46) and (47), one may easily verify that for the vertical crack problem the following elements of the kernel functions are identically zero, i.e.,
Hence for vertical crack problem the originally coupled singular integral equations are decoupled into the following two separated equations as follows À1 2p
where r, s and D are, respectively, the pressure, shear and electric displacement loading applied on the crack faces. The first decoupled equation (Eq. (49)) is entirely for the mode I mechanical deformation which indicates that there will be neither any response for the mode II mechanical deformation nor any electric response when the crack faces are subjected to normal pressure loading only. Note that this observation may also be confirmed from the symmetric considerations of the geometry and the loading conditions.
Kernel functions of type II roots
The kernel functions for type II roots are more involved since the roots p 1 and p 2 are not purely imaginary. Letting
where r h and m h are the real and imaginary part of h 2 , respectively, and using the identities h 1 ¼ h 2 (Eq. (A.1)) and Im{k} = 0 (Eq. (A.2)) which were implied by the properties of type II roots, i.e., p 1 ¼ À p 2 and p 3 = in 3 (Eq. (37)), the matrix B may be expressed as
For type II roots, the real part r ab and imaginary part m ab of the functions Z b appearing in the kernel functions may be expressed as r 11 ¼ fÀt 3 ðcos w À 2m 2 sin wÞ À m 2 2 ðt 2 Àt 1 Þ sin w À n 2 2 ðt 1 þt 2 Þ sin wg=D 11 ; ð53Þ r 21 ¼ fÀt 3 cos w À 2t 2 m 2 cos w À ðm 2 2 þ n 2 2 Þðt 1 þt 2 Þ sin wg=D 21 ; r 31 ¼ fÀt 3 cos w Àt 1 m 2 cos w À ðt 1 þ t sin wÞn 3 ðn 2 þ n 3 Þ sin w þ n 3 ðtn 2 þ nn 3 Þ sin 2 wg=D 31 ; r 12 ¼ fÀt 3 cos w þ 2t 2 m 2 cos w À ðm 2 2 þ n 2 2 Þðt 1 þt 2 Þ sin wg=D 12 ; r 22 ¼ fÀt 3 ðcos w þ 2m 2 sin wÞ À m 2 2 ðt 2 Àt 1 Þ sin w À n 2 2 ðt 1 þt 2 Þ sin wg=D 22 ; r 32 ¼ fÀt 3 cos w þt 1 m 2 cos w À ðt 1 þ t sin wÞn 3 ðn 2 þ n 3 Þ sin w þ n 3 ðtn 2 þ nn 3 Þ sin 2 wg=D 32 ; r 13 ¼ fÀt 3 cos w þ m 2 ð2t 2 Àt 1 Þ cos w Àt 2 m 2 2 sin w À ðt 1 þ t sin wÞn 2 ðn 2 þ n 3 Þ sin w þ n 2 ðtn 3 þ nn 2 Þ sin 2 wg=D 13 ; r 23 ¼ fÀt 3 cos w À m 2 ð2t 2 Àt 1 Þ cos w Àt 2 m 2 2 sin w À ðt 1 þ t sin wÞn 2 ðn 2 þ n 3 Þ sin w þ n 2 ðtn 3 þ nn 2 Þ sin 2 wg=D 23 ; r 33 ¼ fÀt 3 cos w À n 2 3 ðt 1 þt 2 Þ sin wg=D 33 ; m 11 ¼ f2n 2t1 ðcos w À m 2 sin wÞg=D 11 ; m 21 ¼ ð2n 2t1 cos wÞ=D 21 ; m 31 ¼ ft 1 ½ðn 2 þ n 3 Þ cos w À n 3 m 2 sin wg=D 31 ; m 12 ¼ ð2n 2t1 cos wÞ=D 12 ; m 22 ¼ f2n 2t1 ðcos w þ m 2 sin wÞg=D 22 ; m 32 ¼ ft 1 ½ðn 2 þ n 3 Þ cos w þ n 3 m 2 sin wg=D 32 ; m 13 ¼ ft 1 ½ðn 2 þ n 3 Þ cos w À n 3 m 2 sin wg=D 13 ; m 23 ¼ ft 1 ½ðn 2 þ n 3 Þ cos w þ n 3 m 2 sin wg=D 23 ; m 33 ¼ ð2n 3t1 cos wÞ=D 33 ; wheret 1 ¼ d À ðt À cÞ sin w;t 2 ¼ d À ðn À cÞ sin w;t 3 ¼ ðt À nÞ cos w; ð54Þ
With the matrix B expressed in Eq. (52) and with the results of r ab and m ab in Eq. (53), the kernel functions for the type II roots can be expressed in real form as
whereB 2 ¼ 2ðm 2 À km h n 3 þ km h n 2 þ kr h m 2 Þ.The explicit forms of all the elements in Eq. (55) are listed in the Appendix C. Similar to previous discussions, two special crack orientations, i.e., w = 0 and w = p/2, are focused. With w = 0 in Eq. (53), the real part r ab and imaginary part m ab can be simplified. With these simplified results, one may find that for the type II roots, similar to the case for type I roots, no element of the kernel functions is identically zero for the horizontal crack problem. However, for the vertical crack problem, i.e., with w = p/2 in Eq. (53), one may verify that these elements of the kernel functions
2Þ are again identically zero for type II roots. Therefore with these vanishing elements of the kernel functions we may conclude that, similar to the results for type I roots, the totally decoupling of mode I mechanical deformation from both the mode II mechanical deformation and the electric response is also existed for type II roots for the vertical crack problems.
Kernel functions for decoupling problems
When the mechanical and electric coupling effect vanishes, the original coupled problem will be reduced to two separate purely anisotropic elasticity and electric problems. By letting the piezoelectric-stress constants e kij be zero, we see that parameters h 1 , h 2 and k defined in Appendix A are all vanish. Therefore matrix B defined in Eq. (38) becomes
is the matrix purely related to anisotropic elasticity. Using the matrix B in Eq. (56), the kernel functions for mechanical and electric decoupled problem become, for arbitrary crack orientation, K n; t ð Þ ¼ 1 
where for type I roots (j = 1) K 11 1 ¼ r 11 n 2 1 þ ½r 11 þ r 22 À 2ðr 21 þ r 12 Þn 1 n 2 þ r 22 n 2 2 ; ð59Þ K 12 1 ¼ n 1 n 2 ½ðm 11 þ m 22 À 2m 12 Þn 1 þ ðm 11 þ m 22 À 2m 21 Þn 2 ; K 21 1 ¼ À½ðm 11 þ m 22 À 2m 12 Þn 2 þ ðm 11 þ m 22 À 2m 21 Þn 1 ; K 22 1 ¼ r 22 n 2 1 þ ½r 11 þ r 22 À 2ðr 21 þ r 12 Þn 1 n 2 þ r 11 n 2 2 ; K 33 1 ¼ r 33 ðn 1 À n 2 Þ 2 ;B 1 ¼ n 2 À n 1 ;
and for type II roots (j = 2) K 11 2 ¼ 2ðr 11 þ r 22 Þm 2 2 þ 2ðm 12 À m 21 Þm 2 n 2 þ 2ðr 11 À r 12 À r 21 þ r 22 Þn 2 2 ; ð60Þ K 12 2 ¼ 2ðm 2 2 þ n 2 2 Þ½ðr 11 À r 22 Þm 2 þ ðm 11 À m 12 À m 21 þ m 22 Þn 2 ; K 21 2 ¼ 2½ðr 11 À r 22 Þm 2 À ðm 11 À m 12 À m 21 þ m 22 Þn 2 ; K 22 2 ¼ 2ðr 11 þ r 22 Þm 2 2 À 2ðm 12 À m 21 Þm 2 n 2 þ 2ðr 11 À r 12 À r 21 þ r 22 Þn 2 2 ; K 33 2 ¼ 4r 33 m 2 2 ;B 2 ¼ 2m 2 : Note that for type I roots, r ab and m ab (a, b = 1, 2, 3) are given by Eq. (40) while for type II roots r ab and m ab (a, b = 1, 2, 3) are given by Eq. (53). In the special case when crack is in either horizontal or vertical position, it can be shown that the elastic part of the kernel functions in Eq. (58) may be reduced to those presented by Sung and Liou (1995a) . For instance, for the horizontal crack problem when w = 0, by noting that r ab , m ab (a, b = 1, 2) which take the following special values, i.e., for type I roots r 11 ¼ ðn À tÞ=½ðn À tÞ 2 þ ð2n 1 dÞ 2 ; r 22 ¼ ðn À tÞ=½ðn À tÞ 2 þ ð2n 2 dÞ 2 ; ð61Þ
and for type II roots r 11 ¼ r 22 ¼ ðn À tÞ=½ðn À tÞ 2 þ ð2n 2 dÞ 2 ; r 12 ¼ ðn À t þ 2m 2 dÞ=½ðn À t þ 2m 2 dÞ 2 þ ð2n 2 dÞ 2 ;
r 21 ¼ ðn À t À 2m 2 dÞ=½ðn À t À 2m 2 dÞ 2 þ ð2n 2 dÞ 2 ; ð62Þ m 11 ¼ m 22 ¼ 2n 2 d=½ðn À tÞ 2 þ ð2n 2 dÞ 2 ; m 12 ¼ 2n 2 d=½ðn À t þ 2m 2 dÞ 2 þ ð2n 2 dÞ 2 ; m 21 ¼ 2n 2 d=½ðn À t À 2m 2 dÞ 2 þ ð2n 2 dÞ 2 ;B 2 ¼ 2m 2 ;
one can show that the elastic part of the kernel functions K(n, t) in Eq. (58) will be exactly reduced to those obtained in the paper by Sung and Liou (1995a) , if the following relationships, i.e.,
for type I roots and
for type II roots are used where d and j in Eqs. (63) and (64) are the Krenk's material constants adopted in the paper by Sung and Liou (1995a) .
Results and discussions
The coupled equations (Eqs. (25) and (30)) are solved numerically using a method suggested by Gerasoulis (1982) . This method uses the piecewise quadratic polynomials to approximate the continuous functions aðtÞðaðtÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi c 2 À t 2 p eðtÞÞ. The generalized stress intensity factors at the tips are then obtained from Eq. (31).
The numerical procedures of Gerasoulis have been described in the paper by Sung and Liou (1995b) . Readers interested in the detailed numerical procedures may refer to that paper. In the following presentations, the non-dimensional generalized stress intensity factors
are used. Here r, s and D denote the magnitude of the applied uniform pressure, uniform shear and normal electric displacement on the crack faces, respectively. In all calculations the crack face is discretized into 50 (quadratic) elements with partitions involving equal meshes. Tractioninduction free on the half-plane boundary is investigated. The piezoelectric materials PZT-6B (type I) and BaTiO 3 (type II) are considered in this paper. The material constants for these piezoelectric ceramics are shown in Table 1 . In our numerical investigations of the depth effect, d/c is started from 0.1 and then increases with increment 0.05 until d/c is up to 4.0. Effects of the crack orientations are also studied, however, only the results corresponding to the cases of d/c = 0.1, 0.4 and 1.0 for cracks orientated from 0°to 90°are presented. In the computations of problem for arbitrary crack orientations, w is started from 0°and then increases with increment 1°until it's up to 90°.
The results of the normalized generalized stress intensity factors, i.e., k Ã I , k Ã II and k Ã D for coupled mechanical and electric problem are listed in Tables 2-16 as well as those for decoupled problems. Only results for the material PZT-6B are listed because the results for material BaTiO 3 present similar behavior. By comparing the coupled and decoupled results from these Tables, it is observed that, no matter what kind of mechanical or electric loading is applied on the crack faces, the coupled mechanical and electric results for k Ã I and k Ã II are only slightly different from those for purely decoupled elastic problem which were investigated previously by Sung and Liou (1995a) . With their formulation, results for decoupled problems relevant to the present discussions are recalculated and are listed in Tables 2-16. Two things are implied from the results for k Ã I and k Ã II listed in these Tables. The first is that when solely the electric loading is applied to the solids, the inverse piezoelectric effects are insensitive, i.e., when only the electric loading is applied on the crack faces, the influences of the electric loading on the mechanical responses of the intensities of the solids at the crack tips are not significant. The second implication is that the evaluations of the intensities of the singular fields at the crack tips for piezoelectric materials may be directly evaluated by analyzing the corresponding purely elastic problems, at least for half-plane cracked problems. But the phenomena of the direct piezoelectric effects are different as can be observed from the responses of the normalized electric displacement intensity factor k Ã D induced by the mechanical loadings which are effected significantly by the mechanical loadings. In order to better understanding the overall electric responses induced by either mechanical or electric loading, we present the normalized electric displacement intensity factor k Ã D in Figs. 2-9 to see the overall effects of the crack depth and crack orientations. The results are further discussed below.
(I) Horizontal crack. Figs. 2-4 are the results of the normalized electric displacement intensity factor k Ã D versus d/c under uniform pressure, shear and electric displacement loading, respectively. All these figures reflect that all k Ã D are decreasing function of d/c for both materials, and all the results of k Ã D for ceramic BaTiO 3 are larger than those for ceramic PZT-6B. Note that, however, the values of k Ã D are almost identical for both ceramics when crack faces are under uniformly normal electric displacement (see Fig. 4 ). (II) Vertical crack. As has been pointed out earlier, when the crack is in the vertical position and when the crack faces are subjected to uniform pressure loading, the responses of k Ã D and k Ã II are decoupled from the mechanical mode I response and hence both k Ã D and k Ã II will be identically zero for uniform pressure loading. Therefore, only the results of the crack under uniform shear and electric displacement loading are presented for vertical crack problems. The results are shown in Figs. 5 and 6. Fig. 5 shows that the magnitudes of k Ã D for the case of uniform shear loading applied on the vertical crack faces are much smaller than those of k Ã D when pressure loading is acting on the horizontal crack problem (see Fig. 4 ). For instance, consider the case when d/c = 0.1, k Ã D ¼ 8:4566 for horizontal crack problem under uniform pressure loading, however, for vertical crack problem under uniform shear loading k Ã D ¼ 0:2508 which is much smaller. Fig. 6 are the results under uniform electric displacement loading. The values of k Ã D , similar to the results for horizontal crack problem (Fig. 4) , are again almost identical for both ceramics when crack faces are under uniformly normal electric displacement. (III) Inclined crack. The effect of the inclination of the crack on the electric displacement intensity factor k Ã D for the upper crack tip is presented in Figs. 7-9. Fig. 7 shows that under uniform pressure loading (d/c = 0.1, 0.4 and 1.0), the values k Ã D for both ceramics are decreasing versus the orientations of the crack inclination. Fig. 7 also shows that k Ã D are much influenced by the uniform pressure loading when the crack orientation is nearly in a horizontal position, and k Ã D are zero when w is 90°. The results of k Ã D under uniform shear loading for both ceramics versus the anlges of the crack inclination are shown in Fig. 8 , which present quite different behavior from that for normal pressure loading when d/c is small. First we note that k Ã D has the tendency of increasing initially as the crack starts from horizontal position to incline a small angle w. As the angle of crack's inclination increases further, k Ã D will reach a maximum, and then k Ã D decreases as the angle of crack's inclination is further increased. The minimum of k Ã D for both ceramics is occurred at the angle when w = 90°. Fig. 9 are the results for k Ã D when the crack faces are under the uniform electric displacement loading. The normalized electric displacement intensity factor k Ã D is a decreasing function of the angle of the crack's inclination, starting from a maximum value and then decreasing to until a minimum. From the results presented in Figs. 7-9, we observed that the effect of the crack's orientation on the electric displacement intensity factor k Ã D is not significant when the depth of the crack d/c reaches approximately 1.0. Final remark is that the results of electric displacement intensity factor k Ã D for either coupled or decoupled mechanical piezoelectric materials are Fig. 9 . Normalized electric displacement intensity factor k Ã D for the upper crack tip versus w for crack subjected to uniform electric displacement loading. close to each other when crack faces are under uniform electric displacement loading, as can be seen from the data presented in Tables 4, 7, 10, 13 and 16. This implies that the electric displacement intensity factor k Ã D can be obtained directly by doing the purely electric problems.
Conclusion
A crack embedded arbitrarily in a half-plane solid with traction-induction free boundary is analyzed. This problem is formulated in terms of a system of singular integral equations whose kernel functions are valid for general anisotropic piezoelectric materials. The kernel functions are then expressed explicitly in real forms for transversely isotropic piezoelectric material. The obtained coupled elastic and electric real kernel functions may be decoupled when the electric effects disappear and the kernel functions corresponding to the elastic part reduce to those appearing in the literature. The coupling effects of the mechanical and electric phenomena are presented by the generalized stress intensity factors. Results show that the mechanical loadings have significant effects on the electric displacement intensity factors. On the other hand, the inverse piezoelectric effects play little influence on the mechanical stress intensity factors.
